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REES ALGEBRA OF A SQUAREFREE MONOMIAL IDEAL
AJAY KUMAR AND RAJIV KUMAR
Abstract. Let S = k[X1, . . . , Xn] be a polynomial ring, where k is a field. This article
deals with the defining ideal of the Rees algebra of squarefree monomial ideal generated in
degree n − 2. As a consequence, we prove that Betti numbers of powers of the cover ideal
of the complement graph of a tree do not depend on the choice of tree. Further, we study
the regularity and Betti numbers of powers of cover ideals associated to certain graphs.
1. Introduction
Let G be a graph on the vertex set V={X1, X2, . . . , Xn}, and S = k[X1, X2, . . . , Xn] be a
polynomial ring over a field k. Then the ideal I(G) = 〈XiXj : Xi is adjacent to Xj〉 is called
the edge ideal of G. The Alexander dual of I(G), denoted as J(G), is called the cover ideal
of G. The main problem of interest in this article is to study algebraic invariants such as
Hilbert series, regularity and Betti numbers of powers of cover ideals associated to certain
graphs. The regularity of a monomial ideal is an important invariant in commutative algebra
and algebraic geometry and it measures the complexity of its minimal free resolution. It is
known that for a homogeneous ideal I ⊂ S, reg(Is) is a linear function of s for s ≫ 0, i.e.,
there exist non-negative integers a, b and s0 such that reg(I
s) = as + b for all s ≥ s0. This
result was proved by Cutkosky, Herzog and Trung [2] and independently by Kodiyalam [15].
While the constant a is given by the maximum degree of minimal generators of I. On the
other hand, b and s0 are not well understood and problem of finding their values is addressed
by many authors, see [1, 3, 6, 12, 13, 20]. The problem of computing the regularity or finding
bounds on the regularity is a difficult problem. Thus one would like to provide bounds and
give an explicit formula for the regularity of ideals associated to certain graphs (edge ideals,
cover ideals). In the case of edge ideals and cover ideals, the regularity has been studied
by various authors, e.g., see [1, 12, 13, 14]. Thus it is interesting to study the regularity of
powers of cover ideals associated to certain graphs.
Another object of interest is the Rees algebra of an ideal. The Rees algebra of a homoge-
neous ideal I ⊂ S is a bigraded algebra defined as R(I) = ⊕s≥0I
sts. Rees algebra helps to
study the asymptotic behaviour of an ideal and useful in computing the integral closure of
powers of an ideal. Rees algebra of an ideal I provides a condition such that Is has a linear
resolution for all s ≥ 1. Ro¨mer in [18] gives an upper bound for the regularity of powers
of a homogeneous ideal in terms of x-regularity of corresponding Rees algebra R(I). In
particular, if x-regularity of R(I) is zero, then each power of I has a linear resolution. For a
homogeneous ideal I, the defining ideal of R(I) is studied by many authors, see [10, 11, 16],
and D. Taylor in [19] studied it for a monomial ideal. Further, Villarreal in [21] gives an
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explicit description of the defining ideal of the Rees algebra of any square free monomial
ideal generated in degree 2.
We now give a brief overview of the paper. Section 2 covers some basics of graph theory
and commutative algebra which are used throughout the paper.
In section 3, we study Rees algebras of cover ideals of certain graphs. For a squarefree
monomial ideal J generated in degree n − 2, we associate a graph GJ . Further, we study
the Rees algebra of J using the combinatorial properties of GJ . In particular, we prove that
if GJ is a tree, then R(J) is a quadratic complete intersection, and hence J
s has a linear
resolution for all s ≥ 1. As a consequence, if J is the cover ideal of the complement graph of
a tree, then the Hilbert series and Betti numbers of Js do not depend on the choice of tree.
In section 4, we give an combinatorial formula to compute the Betti numbers of powers
of cover ideal of a graph G, where G is either a complete graph or a complement graph of
a tree. In section 5, we compute the regularity of powers of the cover ideals of complete
multipartite graphs. Hence, we settle Conjecture 4.10 and 4.11 given by A. V. Jayanthan
and N. Kumar in [12].
2. Preliminaries
Let S = k[X1, . . . , Xn]. We use the following notation in this article.
Notation 2.1.
a) [n] = {1, . . . , n}, n ∈ N.
b) Mon(S) = set of all monomials in S.
c) For a monomial ideal I, we denote M(I) be the minimal generating set of monomials of
I
d) w(Xi) = weight assigned on each variable Xi in S. For u = X
a1
1 · · ·X
an
n ∈ Mon(S), the
weighted degree of u is given by degw(u) =
∑n
i=1 aiw(Xi). Further, if w(Xi) = 1 for all i,
then we use deg(u) for degw(u).
e) For u = Xa11 · · ·X
an
n ∈ Mon(S), we denote mi(u) = ai.
f) For v ∈ Mon(S), we denote supp(v) = {i : Xi divides v}.
g) For any non empty subset F ⊂ [n], we set XF =
∏
i∈F
Xi.
Definition 2.2.
i) A finite simple graph is an ordered pair (V,E), where V is a collection of vertices and
E is a collection of subsets of V with cardinality 2. The elements of E are called the
edges of a graph G. We assume that V = [n].
ii) Let G = (V,E) be a graph on the vertex set V . Then the complement graph of G,
denoted by Gc, is a graph on vertices V such that {i, j} is an edge of Gc if and only if
{i, j} /∈ E.
iii) A graph G = (V,E) is called a complete graph if for every i, j ∈ V , we have {i, j} ∈ E.
iv) A subset C ⊂ [n] is called a cover set of G if for every {i, j} ∈ E, we have {i, j}∩C 6= φ.
This set is called a minimal cover set if for any l ∈ C, C \ {l} is not a cover set of G.
v) An independent set of a finite graph G is a subset S ⊂ V such that {i, j} /∈ E for all
i, j ∈ S. The independent complex of a finite graph G is a simplicial complex ∆(G) on
V whose facets are the maximal independent subsets of G.
vi) A cycle of length ℓ in a graph G is a subgraph L of G with edge set
E(L) = {{i1, i2}, {i2, i3}, . . . , {iℓ, i1}}
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such that ir 6= is for r 6= s.
vii) A chord of a cycle L in a graph G is an edge {i, j} of G such that {i, j} is not an edge
of L and {i, j} ⊂ V (L). A graph G is called a chordal graph, if any cycle in G of length
> 3 has a chord.
In the following example, we illustrate the minimal cover sets of a graph G.
Example 2.3.
a) Let G be a graph with V = {1, 2, 3, 4} and E = {{1, 2}, {2, 3}{3, 4}, {4, 1}}.
1 2
4 3
G
In this case, minimal cover sets of G are {1, 3}, {2, 4}.
b) Let G be the complete graph on the vertex set [n]. Then C is a minimal cover set of G
if and only if there exists i ∈ [n] such that C = [n] \ {i} .
Definition 2.4 (Edge and Cover Ideals). Let G = (V,E) be a graph on the vertex set
V = [n] and S = k[X1, . . . , Xn].
i) The edge ideal of G, denoted by I(G), is defined as
I(G) = 〈XiXj : {i, j} ∈ E〉 .
ii) The cover ideal of G, denoted by J(G), is defined as
J(G) =
〈∏
i∈C
Xi : C is a minimal cover set of G
〉
.
Example 2.5.
a) Let G be as in Example 2.3(a). Then J(G) = 〈X1X3, X2X4〉 is the cover ideal of G.
b) Let G be the complete graph on the vertex set V = [n]. Then the cover ideal of G is
J(G) =
〈∏
j 6=i
Xj : i ∈ [n]
〉
.
Definition 2.6. Let M be a finitely generated graded S-module.
i) Then βSi,j(M) = (dimk(Tor
S
i (M, k))j is called the (i, j)
th graded Betti number of M .
ii) The regularity of M , denoted as reg(M), is defined as
reg(M) = max{j − i : βSi,j(M) 6= 0}.
iii) The projective dimension of M , denoted as pdimS(M), is defined as
pdimS(M) = max{i : β
S
i,j(M) 6= 0 for some j}.
iv) Let pdimS(M) = p. If for each i ∈ {0, 1, . . . , p}, there exists a number di such that
βi,j(M) = 0 for j 6= di, then M is said to have a pure resolution of type (d0, d1, . . . , dp).
Further, if d0 = d and di = d+i for all i ∈ [p], then we say thatM has a linear resolution.
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3. Rees Algebra of a Monomial Ideal
Let J ⊂ S be a squarefree monomial ideal generated in degree n − 2. Then for every
u ∈M(J), there exist i, j such that [n]\supp(u) = {i, j}. Now we associate a graphGJ to the
ideal J on the vertex set [n] with edge set {{i, j} : [n]\supp(u) = {i, j} for some u ∈M(J)}.
In this section, we discuss the Rees algebra R(J) and give an explicit description of the
defining ideal of R(J) in terms of properties of GJ . In particular, we find the defining ideal
of the Rees algebra of the cover ideal of a graph whose complement graph is triangle free.
Definition 3.1. Let I be a homogeneous ideal of S. Then the Rees algebra of I is defined
as S[It] =
⊕
s≥0
Ists, and it is denoted by R(I).
Let I = 〈u1, . . . , ur〉 and R = S[T1, . . . , Tr]. Then there is a surjective ring homomorphism
φ : R −→ R(I) by setting φ(Xi) = Xi for i = 1, . . . , n and φ(Tj) = ujt for j = 1, . . . , r. Set
K = ker(φ). The ideal K is called the defining ideal of the Rees algebra. Further, note that
K =
⊕
i≥1
Ki, where Ki is a homogeneous component of degree i in Tj-variables. If K = RK1,
then I is said to be of linear type.
Notation 3.2. Let I be a monomial ideal generated by u1, . . . , ur. Let Is be a set of all
non-decreasing sequences α = (i1, . . . , is) in [r] of length s. Then for any α ∈ Is we denote
uα = ui1ui2 · · ·uis, Tα = Ti1Ti2 · · ·Tis and ûαl = ui1 · · · ûiℓ · · ·uis. For any α, β ∈ Is, we define
Tα,β =
lcm[uα, uβ]
uβ
Tβ −
lcm[uα, uβ]
uα
Tα
.
Defining ideal of the Rees algebra of a monomial ideal is studied by D. Taylor in [19]. In
order to prove the Proposition 3.6, we use the following result.
Theorem 3.3 (Taylor, [19]). Let S = k[X1, . . . , Xn] and I = 〈u1, . . . , ur〉 be a monomial
ideal in S. Then R(I) ≃ R/K, where R = S[T1, . . . , Tr], K = RK1 + R(
∞⋃
s=2
Ks) with
Ks = {Tα,β : α, β ∈ Is}.
Notation 3.4. Let S = k[X1, . . . , Xn] and u be a squarefree monomial in S. Set X =
X1 · · ·Xn. We denote the monomial
X
u
by u′.
Remark 3.5. Let u, v be monomials in S. Then we have
lcm[u′, v′]
v′
=
lcm[u, v]
u
.
In the following proposition, we extend the result [21, Theorem 3.1] of Villarreal for any
squarefree monomial ideal generated in degree n− 2.
Proposition 3.6. Let J = 〈u1, . . . , ur〉 be a squarefree monomial ideal of S generated in
degree n− 2 and K the defining ideal of the Rees algebra of J . Then K = RK1 +R(
∞⋃
s=2
Ps),
where Ps = {Tα − Tβ : uα = uβ for some α, β ∈ Js}.
Proof. For s ≥ 2, let α = (i1, . . . , is) and β = (j1, . . . , js) ∈ Js such that α 6= β. From the
proof of [21, Theorem 3.1], it follows that there exist integers l and m and a monomial v
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such that lcm[u′α, u
′
β] = u
′
il
û′βmv. This implies that
lcm[u′α, u
′
β]
lcm[u′il, u
′
jm
]û′βm
and
lcm[u′α, u
′
β]
lcm[û′αl, û
′
βm]u
′
il
are monomials in R. By Theorem 3.3, we know that Ks is generated by polynomials of type
Tα,β =
lcm[uα, uβ]
uβ
Tβ −
lcm[uα, uβ]
uα
Tα.
By Remark 3.5, we know that Tα,β =
lcm[u′α, u
′
β]
u′α
Tβ−
lcm[u′α, u
′
β]
u′β
Tα. Now, one can note that
Tα,β = ATjm +BT̂αl , where
A =
lcm[u′α, u
′
β]
lcm[û′αl, û
′
βm]u
′
il
(
lcm[û′αl , û
′
βm ]
û′αl
T̂βm −
lcm[û′αl , û
′
βm]
û′βm
T̂αl
)
and
B =
lcm[u′α, u
′
β]
lcm[u′il, u
′
jm
]û′βm
(
lcm[u′il, u
′
jm
]
u′il
Tjm −
lcm[u′il, u
′
jm
]
u′jm
Til
)
.
Note that A ∈ Ks−1 and B ∈ K1, and hence we getKs ⊂ R1Ks−1+Rs−1K1. The backward
mathematical induction completes the proof. 
Corollary 3.7. Let J be a squarefree monomial ideal generated in degree n− 2 and GJ be
the associated graph. Then J is of linear type if and only if GJ is a forest or it has a unicycle
with an odd length cycle.
Proof. From Proposition 3.6, it can be seen that J is of linear type if and only if for any
s ≥ 2, we have uα 6= uβ for all α, β ∈ Js with α 6= β. Note that uα = uβ if and only if
u′α = u
′
β. It follows from [21, Corollary 3.2] u
′
α 6= u
′
β for all α, β ∈ Js if and only if GJ is a
forest or it is a unicycle with an odd length cycle. 
Remark 3.8. Let J be a squarefree monomial ideal of S generated in degree n− 2.
i) If GJ is a connected graph, then J has a linear resolution.
ii) If GJ is a triangle free connected graph, then J is the cover ideal of the complement
graph of GJ .
iii) Assume that GJ is a tree. Since tree is a chordal graph, by [8, Theorem 9.2.3], we get
that I(GcJ) has a linear resolution. Hence using part (ii), we get J is Cohen-Macaulay.
Further, part (i) and ht(J) = 2 forces that
βS1,j(J) =
{
n− 2 if j = n− 1
0 otherwise.
Lemma 3.9. Let J be a squarefree monomial ideal generated in degree n − 2. If GJ is a
tree, then R(J) is a quadratic complete intersection. In particular, Js has a linear resolution
for s ≥ 1.
Proof. Let R = S[T1, . . . , Tn−1] and R(J) ≃ R/K. By Corollary 3.7, we know that J is of
linear type, and hence K is generated by βS1 (J) = n−2 elements. Note that dim(R) = 2n−1
and dim(R(J)) = n + 1. This implies that ht(K) = n − 2 = µ(K) which forces that K is
generated by a regular sequence, and hence R(J) is a complete intersection.
Further, J is linearly presented and of linear type implies that K is generated in degree
(1, 1). SinceK is generated by a regular sequence of degree (1, 1), we get that regx(R(J)) = 0.
Now, [8, Proposition 10.1.16] completes the proof. 
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Lemma 3.10. Let T1 and T2 be trees on n vertices and J1 and J2 be cover ideals of their
complement graphs, respectively. Then HJs
1
(z) = HJs
2
(z) for all s ≥ 1.
Proof. Note that if HR(I)(z1, z2) is the bigraded Hilbert series of the Rees algebra of a mono-
mial ideal I, then
HIs(z1) =
1
s!
∂s
∂zs2
(
HR(I)(z1, z2)
)∣∣∣∣
z2=0
.
Thus it is enough to prove that HR(J1)(z1, z2) = HR(J2)(z1, z2). This follows from the proof
of Lemma 3.9. 
Corollary 3.11. Let J1 and J2 be as in Lemma 3.10. Then β
S(Js1) = β
S(Js2) for all s ≥ 1.
Proof. The proof of the corollary follows from Remark 3.8(i) and Lemma 3.10. 
The above corollary says that if G is the complement graph of a tree, then the Betti
numbers of powers of cover ideal do not depend on tree. However, if G is the complement of a
unicyclic graph, then above result does not hold. For example, letG be the complement graph
of a cycle C7 and H be the complement of {{1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 1}, {5, 6}, {6, 7}}.
Then using Macaulay2 [5], we see that
196 = βS2,16
(
S
J(G)3
)
6= βS2,16
(
S
J(H)3
)
= 195.
4. Betti Numbers of Powers of Cover Ideals
Let Kn be a complete graph on n vertices and J(Kn) be its cover ideal. In this section our
goal is to compute the Betti numbers of J(Kn)
s for s ≥ 1 which proves [12, Conjecture 4.10].
As a consequence, we find the Betti numbers of powers of cover ideal of the complement of
a tree. Now for s ≥ 1, observe that
M(J(Kn)
s) =
{
Xs
w
: X =
n∏
i=1
Xi, w ∈ Mon(S), deg(w) = s
}
.
Lemma 4.1. For s ≥ 1, the ideal J(Kn)
s has linear quotients with respect to the reverse
lexicographic order of the generators.
Proof. Let u = X
s
w1
, v = X
s
w2
∈ M(J(Kn)
s) with w1, w2 ∈ Mon(S) of degree s. Since we
have deg(w1) = deg(w2), for any i with mi(w1) > mi(w2) there exists some j such that
mj(w2) > mj(w1). Further, note that deg
(
Xj
Xi
w1
)
= s. The remaining proof follows from
[7, Lemma 1.3]. 
Definition 4.2. Let I be a monomial ideal having linear quotients with respect to some
order u1, . . . , ur of elements of M(I). Then, for 2 ≤ j ≤ r, we define Ij = 〈u1, . . . , uj−1〉 and
set(uj) = {Xk : Xk ∈ Ij : uj}. We set At(I
s) = {u ∈M(Is) : |set(u)| = t}.
We use the following result of Herzog and Takayama [7, Lemma 1.5], to compute the Betti
numbers of J(Kn)
s.
Lemma 4.3 (Herzog-Takayama, [7]). Suppose that I has linear quotients with respect to
order u1, . . . , ur of generators of I and deg(u1) ≤ deg(u2) ≤ · · · ≤ deg(ur). Then the iterated
mapping cone F , derived from the sequence u1, . . . , um, is a minimal graded free resolution
of S/I and for all i > 0, the symbols f(σ; u) with u ∈M(I), σ ⊂ set(u), |σ| = i− 1, forms a
basis for Fi. Moreover, deg(f(σ, u)) = deg(u) + |σ|.
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Remark 4.4. Note that the proof of above Lemma remains valid even if we assign weight
w(Xi) = wi for each i. Also in this case, degw(f(σ, u)) = degw(u) +
∑
Xi∈σ
wi.
Let M(J(Kn)
s) = {u1, . . . , ur}, where u1 > u2 > · · · > ur in the reverse lexicographical
order with respect to X1 > X2 > · · · > Xr. Then for 2 ≤ j ≤ r, we compute the set(uj),
which will be useful in proving Theorem 4.6.
Lemma 4.5. For 2 ≤ j ≤ r, let uj =
Xs
v
. Then set(uj) = {Xi : i < n and i ∈ supp(v)}.
Proof. Let Xi ∈ set(uj), where 1 ≤ i ≤ n. Then Xiuj ∈ 〈u1, . . . , uj−1〉. In particular,
there exists v1 ∈ Mon(S) such that Xiuj = ulv1, for some 1 ≤ l ≤ j − 1. Note that
deg(ul) = deg(uj) implies that deg(v1) = 1, hence v1 = Xji for some ji ∈ [n]. Thus, we get
Xiuj
Xji
= ul ∈ M(J(Kn)
s). This implies that that mi
(
Xiuj
Xji
)
≤ s, and hence mi
(
uj
Xji
)
≤
s− 1. Since Xi 6= Xji, we get i ∈ supp(v). Suppose i = n. Then Xnuj = ulXji implies that
mn(ul) > mn(uj), which is a contradiction to the fact that ul >revlex uj.
Conversely, let i ∈ supp(v), i 6= n. Since j 6= 1, we know that Xn|uj. Now, consider a
monomial u′ =
Xiuj
Xn
. Clearly, u′ >revlex uj and Xiuj = u
′Xn. This completes the proof. 
Now we are in position to compute the Betti numbers of J(Kn)
s.
Theorem 4.6. The Betti numbers of J(Kn)
s are given by
βi(J(Kn)
s) =
(
n− 1
i
)(
n− 1− i+ s
n− 1
)
.
Proof. Firstly, we show that |At(J(Kn)
s)| =
(
n−1
t
)(
s
t
)
. In view of Lemma 4.5, we get
At(J(Kn)
s) =
{
Xs
v
: v ∈ Mon(S), deg(v) = s and |supp(v) ∩ [n− 1]| = t
}
.
Since each monomial v ∈ At(J(Kn)
s) corresponds to a unique monomial v′ in (n−1) variables
of degree less than equal to s with |supp(v′)| = t, we get |At(J(Kn)
s)| =
(
n−1
t
)(
s
t
)
. Now using
Lemma 4.3, we get
βSi (J(Kn)
s) =
n−1∑
t=0
(
n− 1
t
)(
s
t
)(
t
i
)
=
(
n− 1
i
)(
n− 1− i+ s
n− 1
)
,
where the last equality follows from the Chu-Vandermonde identity. 
As an immediate consequence, we get the following result.
Theorem 4.7. Let T be a tree on n vertices and G the complement graph of T . Let J(G)
be the cover ideal of G. Then the Betti numbers of J(G)s are given by
βi(J(G)
s) =
(
n− 2
i
)(
n− 2− i+ s
n− 2
)
.
Proof. By Corollary 3.11, we may assume that T be a star graph, and hence its complement
is a complete graph on n− 1 vertices. Thus the result follows from Theorem 4.6. 
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5. Regularity of Powers of Cover Ideals of Complete Multipartite Graphs
In this section, our goal is to prove [12, Conjecture 4.11]. Let J(G) be the cover ideal of a
complete n-partite graph G on the vertex set V with partition V1⊔· · ·⊔Vn, where Vi = {Xi,j},
1 ≤ j ≤ wi. Then by taking Xi =
∏wi
j=1Xi,j, one can identify J(G) with the cover ideal of
a complete graph on vertices X1, . . . , Xn. We set deg(Xi,j) = 1 and w(Xi) = wi. Thus
to compute the regularity of powers of the cover ideal of a complete multipartite graphs,
we compute the regularity of powers of the cover ideal of a complete graph Kn on vertices
X1, . . . , Xn with w(Xi) = wi.
Notation 5.1. Let σ ⊂ {X1, . . . , Xn} and u be a monomial in S. Then we denote
m(u, σ) = u
∏
Xk∈σ
Xk.
Remark 5.2. Let J(Kn) be the cover ideal of a complete graph Kn on vertices X1, . . . , Xn
and M(J(Kn)
s) = {u1, . . . , ur}, where u1 > u2 > · · · > ur in the reverse lexicographical
order. Further, if we assume w(Xi) = wi with wi ≤ wj for all i ≤ j, then observe the
following.
i) If u ∈ M(J(Kn)
s) and σ ⊂ set(u), then by Lemma 4.5, we get that for any i, Xs+1i
does not divide m(u, σ). In other words, we have mi(m(u, σ)) ≤ s, for all i. Further, if
|σ| = i− 1, then degw(m(u, σ)) ≤ w1(i− 1) + s
∑n
l=2wl.
ii) It follows from Lemma 4.3 and Lemma 4.5 that pdimS(S/J(Kn)
s) =
{
s+ 1 if s < n− 1,
n otherwise.
Now we proceed to calculate the regularity of S/J(Kn)
s in the above set-up.
Theorem 5.3. Let S = k[X1, . . . , Xn] with w(Xi) = wi and Kn be a complete graph on
vertices X1, . . . , Xn. Further, if we assume w1 ≤ · · · ≤ wn, then
reg(S/J(Kn)
s) =
{
s
∑n
l=1wl − (s+ 1) if s < n− 1,
s
∑n
l=1wl − w1(s− n+ 1)− n otherwise.
Proof. Firstly, using Lemma 4.1 we get J(Kn)
s has linear quotients with reverse lexicographic
order. Now, Lemma 4.3 implies that a basis element of ith component Fi of a graded minimal
free resolution F• of S/J(Kn)
s is given as following:
f(σ; u) with u ∈M (J(Kn)
s) , σ ⊂ set(u), |σ| = i− 1,
where degw(f(σ; u)) = degw(m(σ; u)). This implies that β
S
i,j (S/J(Kn)
s) 6= 0 if and only
if there exists some σ ⊂ set(u) with |σ| = i − 1 such that j = degw(m(σ; u)). Let di =
max{j : βi,j (S/J(Kn)
s) 6= 0}. Then
di = max{degw(m(σ, u)) : σ ⊂ set(u), |σ| = i− 1 and u ∈M (J(Kn)
s)}.
By Remark 5.2(ii), it is easy to see that s ≥ i−1. Now, for i < n take u =
Xs
X
s−(i−1)
1 X2 · · ·Xi
with σ = {X2, . . . , Xi}, and for i = n take u =
Xs
X
s−(i−2)
1 X2 · · ·Xi−1
with σ = {X1, . . . , Xi−1}.
Now note that in the both cases m(σ, u) = X i−11 X
s
2 · · ·X
s
n, and hence degw(m(σ, u)) =
w1(i − 1) + s
∑n
l=2wl. Thus Remark 5.2(i) gives di = w1(i − 1) + s
∑n
l=2wl. Note that
di − i ≤ di+1 − (i+ 1). Hence from Remark 5.2(ii), the result follows. 
As an immediate consequence, we get the following corollary.
Corollary 5.4. Let G be a complete multipartite graph with partition on the vertex set
V1 ⊔ · · · ⊔ Vn. If |Vi| = wi with wi ≤ wi+1, then
reg(S/J(G)s) =
{
s
∑n
l=1wl − (s+ 1) if s < n− 1,
s
∑n
l=1wl − w1(s− n+ 1)− n otherwise.
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